We study dense nuclear matter and the chiral phase transition in a SU(2) parity doublet model at zero temperature. The model is defined by adding the chiral partner of the nucleon, the N', to the linear sigma model, treating the mass of the N' as an unknown free parameter. The parity doublet model gives a reasonable description of the properties of cold nuclear matter, and avoids unphysical behaviour present in the standard SU(2) linear sigma model. If the N' is identified as the N'(1535), the parity doublet model shows a first order phase transition to a chirally restored phase at large densities, ρ ≈ 10ρ0, defining the transition by the degeneracy of the masses of the nucleon and the N'. If the mass of the N' is chosen to be 1.2 GeV, then the critical density of the chiral phase transition is lowered to three times normal nuclear matter density, and for physical values of the pion mass, the first order transition turns into a smooth crossover.
I. INTRODUCTION
The description of the properties of nuclear matter in effective models of the nuclear interactions, such as in Quantum HadroDynamics, has been quite successful [1] . Early attempts to incorporate the basic symmetries of the underlying fundamental theory of the strong interactions, QCD, however, have experienced severe difficulties. Lee and Wick studied the standard SU(2) linear sigma model for nuclear matter, and showed that there is a state where chiral symmetry is effectively restored by a nearly vanishing nucleon mass [2] . It was, however, discovered immediately by Kerman and Miller , that the solution is unstable in the standard SU(2) linear sigma model, and that the model can not describe nuclear matter saturation [3] .
Boguta extended the linear sigma model by introducing a dynamically generated vector meson in a chirally invariant way [4] . However, the model was unable to generate a chiral phase transition at finite density or finite temperature [5] as the chirally restored phase was mechanically unstable. With the inclusion of an additional scalar field, the dilaton field, the unphysical bifurcations could be avoided, although the compression modulus turned out to be unphysically high [6] . A chiral phase transition is present for either high temperatures or high densities. In the temperature-density plane, however, the critical line of the chiral phase transition was open, so that there was no chiral phase transition present for intermediate temperatures and densities [7] . In particular, when the vector meson masses were generated only by the coupling to the sigma field, chiral symmetry restoration could not be reached, as the vector meson mass vanishes. Also, first attempts to use a linear sigma model to describe nuclei failed [8, 9] .
Different effective interaction potentials were introduced to cure the apparent caveats of the linear sigma model. A logarithmic potential term was examined in [10] , and successfully applied to the description of nuclear matter and nuclei. On the other hand, studies using the standard Mexican hat potential were not able to adequately describe nuclei. Admittedly, the logarithmic potential could not be applied for studying the chiral limit, where the pion mass becomes exactly massless in the Nambu-Goldstone phase.
A nonlinear realization of chiral symmetry was used in [11, 12] to successfully describe the properties of nuclear matter and nuclei. The essential ingredient of the successful approach was that the scalar field was explicitly kept as a dynamical degree of freedom to describe nuclear matter. Extensions to the linear and nonlinear realization in chiral SU(3) symmetry were performed in [13, 14] which included hyperon degrees of freedom and the description of hypernuclei. Effects from the strange quark condensate were found to be important for arriving at a reasonable compression modulus of nuclear matter and a reasonable description of nuclei.
In all of these investigations, it appears that the scalar sigma field and its vacuum expectation value can not possibly serve, simultaneously, as the chiral partner of the pion, the generator of the nucleon mass, and the mediator of scalar attraction for nucleons. This problem emerged to be particular evident when extending the model to strange baryons, in trying to describe both the masses and the potentials for hyperons. Inclusion of an additional scalar field, the dilaton field, does not remedy the situation [14] .
An alternative way of looking at the role of the sigma field for the generation of the hadron masses is established by two seemingly different chiral approaches: a hidden local symmetry for the vector mesons, and a par-ity doublet model for nucleons.
A hidden local symmetry is a type of gauged linear sigma model: the overall mass scale of the vector and axial vector fields is fixed by a new constant, while their splitting is due to a nonvanishing vacuum expectation value for the sigma field. This model automatically exhibits vector meson dominance and gives a good description of the vacuum properties of the vector and axial vector mesons [15] . The model was extended by the Minnesota group to describe low-energy pion-nucleon scattering, the properties of nuclei, and nuclear matter at finite temperature and density [16, 17, 18] . Note that the chiral symmetry demands only that the spectral functions of the vector and axial vector mesons are degenerate in the chirally restored phase, and not that the vector and axial vector meson masses drop to zero (see e.g. [19] ).
In a parity doublet model for nucleons, the chiral partner of the nucleon, the N', is added to the linear sigma model. This possibility raised by Sakurai, with the first realistic model given by DeTar and Kunihiro [20] . In a certain assignment, to be presented below, the sigma field is responsible for causing the mass splitting between the nucleon and the N', while the overall mass scale of the nucleons is given by a new parameter, which couples in a chirally invariant fashion [21] . The N', which is a negative parity state, is usually taken to have the mass of the N'(1535). The parity doublet model was extended to successfully describe resonances [22] , the baryon octet [23] , and medium effects of the N' at finite densities [24, 25, 26] . For this model, nuclear matter and the chiral phase transition in cold, dense systems were studied so far only in Ref. [27] . An extended scalar interaction potential with a logarithmic term was used to find stable solutions for nuclear and neutron matter, and to study the chiral phase transition at high densities.
Generically, the sigma field is now only responsible for mass splittings: this alleviates many of the problems present in the standard linear sigma model, and is the focus of the present work. We will study the properties of the parity doublet model for describing nuclear matter and for the chiral phase transition. We demonstrate that the instabilities of the standard linear sigma model, with a Mexican hat potential, are avoided when the N' is introduced as the chiral partner of the nucleon. In addition, we study the consequences of a light N' on the properties of nuclear matter and the chiral phase transition. We note that the masses of the known chiral partners of the pseudoscalar and scalar mesons are split by about 300 to 400 MeV. Further, all of the scalar mesons are extremely broad, so they are difficult to identify experimentally. According the Particle Data Group [28] , the sigma meson mass lies somewhere between 400 and 1200 MeV. A successful description of the density distribution of nuclei demands that the mass of the sigma meson must be close to 500 MeV [11] . The mass splitting between the η − a 0 and the K −κ(800), as well as that for strange D-mesons, are all in similar ranges, 300 to 400 MeV (see [28] ). The presumptive chiral partner of the nucleon, the N'(1535), is located nearly 600 MeV above the nucleon mass. The N'(1535) is not very broad, contrary to the sigma or κ mesons, and decays by a large fraction to a nucleon and an η. The phase space for the ηN decay is heavily suppressed compared to the πN decay, so that the coupling strength of the N'(1535) to the nucleon and the η must be unnaturally large. The chiral partner of the nucleon should have a strong coupling to the pion, which is seemingly absent for the N'(1535). Therefore, we suggest that the true chiral partner of the nucleon might be closer in mass to the nucleon with a similar width as for the sigma meson, so that it escaped experimental detection so far. It turns out that a smaller mass for the N' reduces the critical density for the chiral phase considerably.
This paper is organized as follows: first we introduce the chiral SU(2) parity model and fix its parameters. For comparison, we study the pressure of cold nuclear matter in the standard linear sigma model, and discuss the apparently unphysical nature of its stable solutions. We then show how a parity doublet model gives a reasonable and stable description for the properties of nuclear matter. We then extend the model to high density, and study the chiral phase transition in cold nuclear matter.
II. THE SU(2) PARITY MODEL
There are two ways of assigning chiral transformations for parity doubled nucleons. In the naive assignment, the two nucleons belong to different multiplets, while in the mirror assignment they belong to the same multiplet, and so are true chiral partners [21, 23, 24] . We adopt the latter.
In the mirror model, under SU L (2) × SU (2) R transformations L and R, the two nucleon fields ψ 1 and ψ 2 transform as
This allows for a chirally invariant mass, m 0 :
The chiral Lagrangian in the mirror model is
where a, b and g ω are the coupling constants of the mesons fields (σ, π and ω) to the baryonic fields ψ 1 and ψ 2 . Note that we assume the same vector coupling strength for both parity partners. The mesonic Lagrangian L M contains the kinetic terms of the different meson species, and potentials for the scalar and vector fields. The potential for the spin zero fields is the same as in the ordinary SU(2) linear sigma model. Kinetic and potential terms are added for an isoscalar vector meson, ω, as in the σ-ω model of nuclear matter [29] :
where F µν = ∂ µ ω ν − ∂ ν ω µ represents the field strength tensor of the vector field. As usual, the parameters λ,μ and ǫ can be related to the sigma and pion masses, and the pion decay constant, in vacuum:
with m π = 138 MeV, f π = 93 MeV and σ 0 = f π the vacuum expectation value of the sigma field. Since the mass of the σ meson in the vacuum can not be fixed precisely by experiment, we will treat it as a free parameter. The vacuum mass of the ω field is m ω = 783 MeV while the g 4 term for the ω field also represents a fit-parameter, with finite values of this parameter causing a softening of the equation of state.
To investigate the properties of dense nuclear matter and the chiral phase transition at zero temperature, we adopt a mean-field approximation [30] . The fluctuations around constant vacuum expectation values of the mesonic field operators are neglected, while the nucleons are treated as quantum-mechanical one-particle operators. Only the time-like component of the vector meson ω ≡ ω 0 survives, assuming homogeneous and isotropic infinite nuclear matter. Additionally, parity conservation demands π =0.
The mass eigenstates for the parity doubled nucleons, the N + and N − , are determined by diagonalizing the mass matrix, Eq. (3), for ψ 1 and ψ 2 :
γ 5 e −δ/2
where sinhδ = −(a + b)σ/2m 0 . In the basis of Eq. (7) the masses of N + and N − are given by
If chiral symmetry is completely restored, i.e. σ = 0, the two nucleonic parity states become degenerate in mass with m N + = m N − = m 0 . Thus, if the value of m 0 is large, the nucleon masses are primarily generated by the explicit mass term, while the spontaneous breaking only generates the mass splitting [21] . In contrast, in the naive assignment, as well as in the standard linear sigma model (and also the mirror model model with m 0 = 0), spontaneous symmetry breaking generates the nucleonic masses.
The grand canonical partition function is
where i ∈ {N + , N − } denotes the nucleon type, γ i is the fermionic degeneracy, E *
The mean meson fieldsσ andω are determined by extremizing the grand canonical potential Ω/V :
The scalar density ρ * i and the baryon density ρ i for each chiral partner are given by the usual expressions
The basic nuclear matter saturation properties we impose can be formulated in the following way. The stable minimum of the grand canonical potential for µ B = 923 MeV has to meet two conditions:
Altogether we have four parameters to be related to nuclear matter properties: m 0 , g ω , m σ and g 4 . The parameters a, b are related to the vacuum masses of the parity partners. The mass of the positive parity state will always be the nucleon mass m N + = 939 MeV. The negative parity state will be a free parameter. Here we will consider two cases: m N − = 1.5 GeV, which corresponds to the conventional choice of N'(1535) as the parity partner and, as an alternative, m N − = 1.2 GeV. We will investigate if a pair (g ω , m σ ) exists which fulfills Eq. (12) for a given choice of m 0 , g 4 and m N − . Then, by varying m 0 and g 4 , we check how the fit parameters or observables like the incompressibility
change. As was already shown by Kerman and Miller, it is not possible to reproduce stable nuclear matter properties in the standard linear sigma model by 'just adding' vector mesons [3] . The same also holds for the parity model with m 0 = 0. As already mentioned above, for a successful description of nuclear matter, the minimum requirements are: A binding energy of 16 MeV and a nuclear matter density of approximately 0.16 fm −3 at µ B = 923 MeV. Furthermore, one would expect this state to be different from the vacuum or the chirally restored phase. But in the standard linear σ − ω model, as well as in the parity model with m 0 = 0, for µ B = 923 MeV only two possible phases exist: the vacuum state, characterized byσ = f π and ρ B = 0, and the chirally restored phase withσ ≈ 0. Which of these phases is stable, depends on the choice of parameters. Neither of these phases can represent saturated nuclear matter. and finally falls below zero. Then the vacuum has the greatest pressure, and thus represents the stable phase. For any g ω , a stable, intermediate phase, which could represent ordinary nuclear matter, does not exist. This situation does not change if the value of the sigma mass is varied. Figure 2 shows the mean sigma value corresponding to the stable state (maximum pressure) of the system as a function of g ω and m σ . All other parameters remain the same as before. Still the stable state is either the vacuum or the phase withσ ≈ 0. Note that changing the values of m N − or g 4 does not alter these findings.
B. Nuclear matter with the parity doublet model
The situation changes if we allow for finite values of the mass term m 0 . As shown in Figure 3 , when m 0 = 800 MeV, it is possible to find values of g ω and m σ such that there is an intermediate phase which might represent nuclear matter. In this intermediate phase,σ ∼ 30 MeV. Figure 4 shows the pressure as a function of the σ-field for m 0 = 800 MeV, m σ = 400 MeV, g 4 = 0 and m N − = 1.5 GeV. For small values of g ω and m σ , the stable phase hasσ ≈ 30 MeV; for large values of these parameters, again the vacuum is the stable state.
It turns out that, for these intermediate phases, which exist for a wide range of finite m 0 values, a reproduction of nuclear matter properties is possible. Figure 5 For high m 0 values the sigma mass turns out to be rather low. The value of the corresponding nuclear incompressibility is depicted in Fig. 6 as a function of m 0 . Only for large values of m 0 it lies in a reasonable range. The same holds for finite g 4 values, although finite values lead to lower incompressibility. Thus, reasonable values for the incompressibility are obtained for high values of the mass parameter m 0 and that leads to a small vacuum sigma mass. The situation could change if the model is extended to SU(3), as shown in [13, 14] .
For all cases studied, Fig. 7 shows that if a fit to nuclear matter is possible, at the saturation point of nuclear matter, the effective nucleon mass is almost identical to the value of m 0 . Thus, high values of m 0 correspond to small incompressibilities, and large effective nucleon mass. This could be a problem for the spin-orbit split- ting; as shown by Furnstahl et al [31] , though, such a problem can be solved by adjusting the corresponding tensor coupling. 
IV. THE CHIRAL PHASE TRANSITION
We now investigate dense hadronic matter within the parity doublet model. We want to use the same m 0 value for all cases, with the best possible values for the incompressibility. Thus we chosse m 0 =790 MeV, which is the maximum value allowing for a fit to nuclear matter in all of the cases considered: g 4 = 0 and = 3.8, and m N − = 1.2 and = 1.5 GeV. In Figure 8 we show the expectation value of the chiral condensate as a function of the chemical potential. At µ q = µ B /3 ≈ 308 MeV the condensate jumps from its vacuum value down to values of around 40 MeV, depending on the parameter set. This is the liquid gas phase transition, which is present in all cases. As the chemical potential is increased, the scalar condensate decreases, until a chiral phase transition occurs.
In the chiral limit of zero pion mass, drawn as thin lines in Figure 8 , the chiral transition is always of first order, as the condensate jumps from ≈ 30 MeV down to zero.
The case of a physical pion mass is drawn as thick lines in Figure 8 , although the critical chemical potentials vary considerably with the change of the quartic coupling, the corresponding "critical density" does not. This is because there is no strong coupling between scalar and vector field in our model. In contrast, the critical density for the chiral transition very strongly depends on the vacuum mass of the parity partner. It is reduced by a factor of three when changing the N − -mass from 1.5 to 1.2 GeV. The change in the nucleon masses is shown in Figure  10 . The effective mass of the nucleon drops at the liquid gas phase transition, and does not change strongly as a function of the chemical potential until the chiral phase transition. The mass of the parity partner also drops at the liquid gas phase transition, and then decreases strongly with increasing chemical potential. In the chiral limit, both nucleon masses jump discontinuously at the chiral transition, to m 0 . If there is a smooth crossover, the nucleon and its parity parity smoothly approach m 0 asymptotically, the nucleon from below, and the parity partner, from above. In Figure 11 we show the relative densities of the nucleon and its parity partner. From the figure, one can see that the chiral phase transition occurs once there is any significant population of the N − states. At asymptotically high densities or chemical potentials, the chiral condensate vanishes, the nucleons are equal in mass, and so each chiral partner contributes half of the total nucleon density.
FIG. 12: Binding energy per particle of nuclear matter for m N − = 1200, 1500 MeV and g4 = 0, 3.8 in comparison with relativistic mean-field calculations TM1 [32] and NL3 [33] . Figure 12 shows the resulting binding energy per particle for the parameter sets considered before. These are compared to the Walecka model fits NL3 and TM1. At high densities all equations of state (EoS) in the parity doublet model are much softer than the Walecka models, but they show a larger curvature at small densities, which causes the still relatively high incompressibilities. As could be expected, for finite values of g 4 , the EoS is considerably softened at high densities. A smaller mass of the negative parity state yields a reduced energy per particle at high densities. Finally, we consider the behavior of the effective sigma mass m * σ with density. It is obtained by first determining the sigma-omega mass matrix through the corresponding second derivatives of the thermodynamic potential (or pressure) with respect to the fields at fixed chemical potential and then diagonalizing this matrix. In Figure 13 we show the resulting effective σ-mass, m * σ as a function density. The different transitions in dense matter cause very significant structures. First, at the liquid gas phase transition, the sigma mass jumps from its vacuum value down to a value of around 200-300 MeV and then increases again. Right before the chiral transition, it decreases strongly. This takes place when the N − states start to get populated. This decrease continues until the chiral transition. If the transition is of first order (m N − = 1.5 GeV), the sigma mass jumps as well as the density and then starts to increase again. If the transition is a crossover (m N − = 1.2 GeV), this increase happens continuously.
V. SUMMARY
We have shown that it is possible to obtain successful fits of saturated nuclear matter in a SU(2) parity doublet model with σ and ω mesons. Agreement with current estimates of the nuclear incompressibility favors large values of the explicit mass term parameter m 0 . Furthermore, we found that nuclear matter fits are possible for different values of the vacuum mass of the N − . At higher densities, chiral restoration takes place, where the order of the transition and the critical density depend on N − 's mass.
There are clearly many avenues for further investigation: including strange quarks, other hadronic resonances, and the like. Probably the outstanding question is to look at decay widths, given that the natural experimental candidate for the nucleon's parity partner, the N'(1535), likes to decay to ηπ so much. We simply found the present exercise most encouraging, in that although the nucleon parity partner is relatively heavy, the properties of nuclear matter change significantly, and in a direction which bring them closer to known experimental values.
